Abstract. We show the existence of almost flat affine structures on the threedimensional sphere, and prove that the Pontryagin numbers serve as the obstruction to the existence of such structures.
In affine geometry, it is a natural and fundamental question whether a given manifold M admits a torsion free flat affine connection or not. Concerning this problem, it is classically well known that the «-dimensional sphere S" does not admit such a connection for n > 2 because the fundamental group of Sn is not infinite. (See [1] .) In this note, we show that in the three-dimensional case, this non-existence is a subtle result, i.e., there exists an almost flat torsion free affine connection on S3. To state the precise result, we first introduce the following concept. Note that, on a compact manifold, the notion does not depend on the metric, because the norms of tensor fields with respect to different metrics are within constants of each other. Now, our main result is stated as follows.
Theorem. The three-dimensional sphere S3 is almost affinely flat.
Proof. To prove this theorem, we explicitly construct a family of connections V depending on a real parameter t £ R\{0} such that the norm of the curvature of V with respect to the standard metric goes to 0 as /-»0.
Actually, by regarding S3, as a Lie group, we can find such connections in the left-invariant category. As an example, from this proposition, it follows that the complex projective space P2n(C) is not almost affinely flat because the Pontryagin numbers of P2n(C) are not zero (cf. [6] ).
Remark. In [3] , Gromov introduced the concept of almost flat (e-flat) manifolds in the category of Riemannian geometry. (See also [2] .) In contrast to our case, the three-dimensional sphere S3 (with any Riemannian metric) is not e-flat in this sense for sufficiently small e because S3 is not covered by a nilmanifold (cf. [2, p. 9]). We also remark that in the Riemannian case, the value of the curvature tensor R'kj. of the Riemannian connection is unchanged even if we multiply the metric g by a positive constant. In particular, by this modification, the value of the norm \\R\\ is unchanged for fixed || ||.
In the special case where M is a compact semi-simple Lie group, it is an interesting problem to determine the value inf ||.R|| in the set of all left-invariant torsion free affine connections, where the norm | | is determined by a biinvariant metric. For example, in the case of S3 or SO(3), we have clearly inf||i?|| = 0 from Theorem. In [5] , it is proved that a semi-simple Lie group does not admit a torsion free left-invariant flat affine connection. But, this result does not imply inf||i?|| > 0 as the above example shows.
